Minimal Kochen-Specker theorem in finite dimensions 
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In [H we proved a strengthened Kochen-Specker theorem in 3 dimensions: non-contextual hidden 
variable (NCHV) models cannot reproduce all the quantum correlations of two compatible observ- 
ables, which is a minimal requirement imposed on the NCHV models. Here we shall exclude the 
NCHV models with this minimal requirement in d > 4 dimensions by state-independent and ex- 
perimentally testable inequalities satisfied by all NCHV models that are required to reproduce only 
the quantum correlations of at most two compatible observables. Furthermore our proofs use the 
smallest number of rays known so far, e.g., 25 (instead of 31) rays in 5 dimensions and 5d ~ 2[d/3j 
rays in d > 6 dimensions. 



Non-contextuality is a typical classical property: the 
value of an observable revealed by a measurement is 
predetermined regardless of which compatible observable 
might be measured alongside. A maximal set of mutu- 
ally compatible observables defines a context. Kochen 
and Specker and also Bell Q, showed that quan- 
tum mechanics (QM) is contextual by excluding all the 
non-contextual hidden variable (NCHV) models for a 
quantum system with more than 2 distinguishable states, 
known as Kochen-Specker (KS) theorem, via some kinds 
of logical contradictions. Nowadays the quantum con- 
textuality becomes experimentally testable due to vari- 
ous KS inequalities [J-lSl, inequalities obeyed by all the 
NCHV models, and has been confirmed in recent exper- 
iments on different physical systems (rl-fl^. 

Originally KS theorem imposes a rather strong restric- 
tion on the NCHV models it excludes 0: the partial al- 
gebraic structures of compatible observables in QM must 
be preserved. That is to say the NCHV models it ex- 
cludes must admit the so-called KS value assignment in 
which the value assigned to the product or the sum of 
two compatible observables is equal to the product or 
the sum of the values assigned to these two compatible 
observables. Indeed the KS theorem is normally proved 
by finding a finite set of rays, called KS proof, to which 
the KS value assignment is impossible. The original KS 
proof in d = 3 dimensions includes 117 rays which was 
reduced to 33 rays by Peres [l^l and Schiitte 16 1 and to 
31 rays by Conway and Kochen [l3]- In 4 dimensions Ca- 
bello, Estebaranz, and Garcfa-Alcaine (CEG) discovered 
a 18-ray proof |18|. KS proofs in higher dimensions can 
be constructed from those in lower dimensions by using 
either the Zimba- Penrose method 2l|, which is valid in 
d > 5 dimensions, or the CEG method There are 

also many state-dependent KS proofs, e.g., Clifton's 8- 
ray proof [l9j and the 5-ray proof in 3 dimensions [ij , in 
which some rays have pre-assigned values. 

It was Peres who first noticed that the algebraic 
structures of compatible observables in QM need not to 
be completely preserved by NCHV models. This type of 



KS proofs include Mermin-Peres's magic-square proof in 
4 dimensions 22 1 and Mermin's pentagon [2^ in 8 di- 
mensions, in which the sum rule is abandoned. It is due 
to recently discovered KS inequalities that the restriction 
is lifted (almost) completely. Instead the NCHV models 
should reproduce the quantum correlations of at least 
three compatible observables (as in the KS inequalities 
of Peres- type) , which demands that three or more pair- 
wise compatible observables be measured simultaneously. 
QM has this property but it may not hold in a most 
general NCHV model since a context is well defined by 
pairwise compatibility. Thus a slight trail of algebraic 
structures of compatible observables in QM is still im- 
plicitly required to be preserved by the NCHV models 
excluded by KS inequalities. 

Quite recently [l| we proved the KS theorem in 3 di- 
mensions with a 13-ray set for which the KS value as- 
signments do exist but fail to reproduce a certain predic- 
tion of QM. Based on this set a magic-cube inequality is 
discovered to exclude all those NCHV models that have 
only to reproduce the correlation of at most two compat- 
ible observables. This is a minimum number of compati- 
ble observables whose correlations have to be reproduced 
since for non-sequential measurements (or expectation of 
single observable) there does exist a NCHV model [2|. 
The question remains open whether there also exist such 
KS proofs in higher dimensions, given the numerical na- 
ture of the derivation of the magic-cube inequality. In 
this Letter we provide state-independent KS inequalities 
in all finite dimensions {d > 4) satisfied by NCHV models 
that have only to reproduce the correlations of at most 
two compatible observables. Moreover our proofs involve 
a smaller number of rays in all finite dimensions (d > 5) 
comparing with the best KS proofs known. 

18-ray improved KS inequality in 4 dimensions — Mo- 
tivated by Cabello's 18-ray KS proof [18| we consider the 
9- vertex graph shown in Fig.l. If we can associate each 
edge e € E, the set of unordered pairs of connected ver- 
tices, with a 4-dimensional ray Ve in such a way that two 
sharing a common vertex are associated with two 
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FIG. 1: (Color online) The orthogonality graph for 18 rays 
in Eq.Q, which are represented by edges instead of vertices 
with two rays sharing a common vertex being orthogonal. 



orthogonal rays, i.e., two rays and Ve' with e,e' G i? 
being different are orthogonal whenever e H e' 7^ 0, then 
we have a KS proof. Indeed the KS value assignment to 
this 18-ray set amounts to covering all the 9 vertices with 
disjoint edges. This is impossible because a set of dis- 
joint edges must cover an even number of vertices while 
we have an odd number of vertices. It turns out that 
Cabello's 18-ray set in 4 dimensions as presented in [sj 

W12 = (1, 0, 0, 0) Vie = (0, 0, 1, 1) W34 = (i, 1, 1, 1) 
^;i8 = (0, 1, 0, 0) vi7 = (0, 0, 1, 1) V3V = (1, 1, 1, 1) 
V28 = (0, 0, 0, 1) ve7 = (1, 1, 0, 0) Vi, = (1, 1, T, 1) 

Vi5 = (0, 1, 0, 1) V23 = (0, 1, T, 0) W56 - (1, 1, 1, 1) 
^;48 = (1, 0, 1, 0) V29 = (0, 1, 1, 0) V59 = (1, 1, 1, 1) 
V58 = (1, 0, 1, 0) V39 = (1, 0, 0, 1) ve9 = (1, 1, T, 1) 



(1) 



is the unique set that satisfies the aforementioned orthog- 
onality conditions up to a global unitary transformation 
to all the rays (see Appendix). 

The first state- independent experimentally testable KS 
inequality 5] is built upon the above 18-ray set and the 
quantum correlations of four compatible observables have 
to be reproduced by the NCHV models it excludes. The 
KS inequality arising from Peres-Mermin's magic-square 
proof [5] still needs to check the quantum correlations 
of three compatible observables. In what follows we shall 
provide a KS inequality in 4 dimensions that involves the 
correlations of at most two compatible observables. For 
18 binary variables {ve\e G E} taking values and 1 the 
following algebraic inequality holds 
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Ve' < 4. 



(2) 



In fact if we denote Vi = X^egi then we can rewrite 
L4 = ^ii'^ ~ Vi)/2 taking account of the property 

= Ve- Because the quadratic function x{2 — x) of 
X reaches its maximal value 1 at a; = 1 and X)i ~ 
2 X^es-E '^e even number, not all 9 terms in L4 can 



reach its maximum. That is to say for at least one 1 < 
J < 9 it holds Vi{2 — Vi) < 0, from which the inequality 
Eq.(I2]) follows immediately. Since the last term in Eq.([2]) 
is non-positive we have L4 < E :— X^ees^e- Also we 
shall denote by L4 the theory- indendent KS expression 
obtained from Eq.([2]) with v replaced by v. 

In any NCHV model all observables have definite val- 
ues determined only by some hidden variables A that are 
distributed according to a given probability distribution 
Q\ with normalization J dXgx = 1. The average of an 
observable is given by {v) = J dXg\v^ while the corre- 
lation of two observables reads {v ■ u) — J dXgxv'^u'^ . 
As a result in any NCHV model it holds (L4)c := 
/ dXgxL^ < 4, where L4 is obtained from Eq.dl]) by 
replacing v with corresponding value v^ determined by 
the hidden variables. Since each correlation is for com- 
patible observables (orthogonal projections) the average 
{L4)q := Tr(pL4) is well-defined in QM for an arbitrary 
state g of a 4-level system. Here the observable L4 is 
obtained from Eq.([2]) by replacing v with correspond- 
ing 1-dimensional projection v = \v){v\/{v\v) in which 
\v) = 'i;i|0)-|-z)2|l)-|-f3|2)-l-. . . for a ray w =_(wi, W2,W3, • ■ •)• 
However in in QM it holds the identity L4 = 94/4 with 
q4 = 9/2 and therefore in any state the quantum me- 
chanics predicts (^4)^ = 54 > 4. 

Furthermore if we require the NCHV models to admit 
a KS value assignment then we have Vi = X^egj = 1 for 
each vertex i and the last term in Eq. ([2]) vanishes. Choose 
any triple of unconnected vertices {i, j, fc}, e.g., {7, 8, 9}, 
and denote v^jk -.^ E - Vi - v^ - Vk, e.g., V7S9 = ^12 + 
V23 + V34 + V45 + v^e + Vie, which always form a hexagon 
(e.g. as shown in Fig.l as thick blue lines). Inequality 
Eq.(I2]) becomes now Vijk < 1 so that {vijk)c < 1, which 
is referred to as hexagon inequality. While in QM we 
have identity Vijk — 3/2 so that in any state it holds 
{vijklq = 3/2 > {vijk)c- Thus in order to exclude NCHV 
models with KS value assignments for 4-level system the 
hexagon inequality provides an experimental test that 
explicitly involves only 6 projections (out of 18). We 
note that the hexagon inequality and inequality Eq.([2]) 
exclude different kinds of NCHV models. 

25-ray KS inequality in 5 dimensions — Consider the 
orthogonality graph A13 shown in Fig. 2 as a subgraph 
on 13 vertices labeled with lowercase letters. As shown 
in [1] the graph A13 determines uniquely, up to a global 
unitary transformation, the 13-ray set V = y U h U z 
in 3 dimensions with z = {zk ~ \k)\k = 1,2,3}, y = 
{Vk = K> + I ih ], fc) = 1, 2, 3; a = ±}, and /i = = 
ELi(-1)''°'I^)I" = 0,1,2,3}. Let F be the adjacency 
matrix of A13, a 13 x 13 symmetric matrix with vanishing 
diagonal elements. And Tuv = 1 if two vertices u,v € V 
are neighbors and F„„ = otherwise. For 13 binary 
variables {v\v G V} that take values and 1 it holds 
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FIG. 2: The orthogonality graph for 25 rays in 5 dimensions 
with rays represented by vertices (hoUow dots) and edges, 
straight or curved, hnking two orthogonal rays. For the sake 
of clarity not all orthogonality relations are shown. 



where h = J^veh^ ^'^^ subset h C V. In fact it is 
exactly the same inequality as in [l| if we make a change 
of variables a^, = 1 — 2u. Therefore in any NCHV model 
it holds (^3)2 < C3 :— 7/2 while for all qutrit states it 
holds (-£3)5 = 93 > C3 with (73 = 11/3 because of the 
identity L3 — qsl^. For later use we note that it always 
holds L3 <V ^ y + h + z. 

According to CEG method [2^ we consider the 25-ray 
set V5 = V+uy_ in 5 dimensions with V+ — {{v,0,0)\v e 
V} and V- ~ {{0,0,v)\v S V}. For simplicity we shall 
use the same lowercase letters to represent 5-dimensional 
rays in V+, e.g., zi for (zi, 0, 0), while the uppercase let- 
ters to represent the corresponding rays in V-, e.g., Zi 
for (0, 0, zi). Since V+ CiV^ — {z^ — Zi} we have indeed 
IV5I —25 rays. Part of the orthogonality relations among 
these 25 rays are shown in Fig. 2. In addition rays labeled 
with zi 2 iZi£) are orthogonal to all the rays labeled with 
uppercase (lowercase) letters and rays. 

Let be the corresponding KS expression as defined 
in Eq.dS]) for two 13-ray sets V± and denote z' = Z12 + Z23 
where Z12 — zi + Z2 and Z23 — Z2 + Z3. For 2^^ possible 
values of 25 binary variables {v\v S V5} taking values 
or 1 it holds the following inequality 

Z5 := L++L^ + ^z'{2-z')-z,2-V--Z23-V+ < ^, (4) 

where we have denoted V± = X]uev± ^- To prove the 



inequality above we have only to consider the following 
four cases by noting that Z12 and Z23 are non-negative 
integers: i) if Z12 — Z23 = then z' also vanishes so 
that L5 < 2c3 — 7; ii) if Z12 = while Z23 > 1 then 
we have £5 < 93 + -£3" < C3 -I- 53 = 43/6 since L3 < 
V+ and x(2 — x) < 1; iii) the same bound holds also in 
the case of Z12 > 1 while Z23 = for the same reason 
as case ii); iv) if zi2 > 1 and Z23 > 1 we have L5 < 
11/3 since Lf < V± and x{2 ~ x) < I. If we replace v 
by corresponding 1-dimensional projection the quantum 
mechanical prediction reads L5 = 293/5 and thus in any 
state it holds (Ls), = 22/3 > 43/6. 

In NCHV models admitting KS value assignments, it 
holds y + z + 3Z23 = 3 and Y + Z + 3zi2 = 3 and all 
quadratic terms in Eq.Q vanish. As a result the KS in- 
equality Eq.g]) now becomes Lg := [h + H)/2 + 2z'/3 < 
7/6 and thus {L'^)c<7/6 must be satisfied by all NCHV 
models with KS value assignments. While quantum me- 
chanically it holds identity = I/5, meaning that we 
have a violation {L'^)q = 4/3 > 7/6 state-independently. 
Here only 12 projections, namely {ha} and {Ha} to- 
gether with Z1.2 and ^2.3, are involved explicitly. 

Improved KS inequality in d > 6 dimensions — Con- 
sider now d > 6 and there always exist two nonnegative 
integers to, n such that d = 3to -|- 4n. Accordingly the 
qudit Hilbert space Hd can be decomposed into a direct 
sum of TO qutrit Hilbert spaces and n 4— dimensional 



Hilbert spaces as Hj, 



m ©r=i Hi 



Ac- 



cording to Zimba-Penrose method [2l| we obtain a set 
Vd = UfeVfc U/ El of 13m-f 18n rays in d dimensions. Here 
Vk is the 13-ray set in d dimensions that is supported 
only on the qutrit Hilbert space i/|, i.e., obtained from 
the 13-ray set V by appending necessary zeros, and Ei 
is the 18-ray set in Eq.(IT]) that is supported only on the 
subspace H\. By construction, each ray in Vk is orthog- 
onal to all the rays in Vk' for k ^ k' . Also each ray in Vk 
is orthogonal to all the rays in Ei and every ray in Ei is 
orthogonal to all the rays in for I ^ I' . 

Consider binary variables {v\v £ Vd} taking values 



or 1 and let L3 and L4 be the KS expressions Eq. Q 
for the 13-ray set Vk and Eq.Q for the 18-ray set 
respectively, and Ei = J2veEi ^ ^^'^ = J2v€Vk ^- ^^^'^ 
we have the following algebraic inequality 



k=l 1=1 fe=l ;=1 ^'^ k>k' l>l' 

k,k' = l l,V = \ 



In fact by noting that Vt — X^fe and Et — X); ^.re integers we have only to consider the following four 
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d r2 rd 

3 13 31 

5 25 29 

4m 18m - 2 [m/3j 18m (m > 1) 

4m + 5 18m + 23 - 2 [(m + 2) /3J 18m + 25 (m > 1) 

4m + 6 18m + 26-2 [m/3j 18m + 31 (m > 0) 

4m + 7 18m + 31 - 2 [(m + 1) /3J 18m + 34 (m > 0) 



TABLE I: A summary of the number r2 of rays used in 
the improved KS proof in d dimensions in comparison with 
the smallest known number rd of rays taken from [20l ] in 
dimensions 5,6, and 7 which are extended to dimensions 
4m + {5, 6, 7} using Zimba-Penrose method. 



cases: i) Vr, Et > 1 ii) Vt > 1 while Et = 0; ill) Et > 1 
while Vt = 0; iv) Et = Vt = 0. In the first case where 
Vt,Et > 1 we obtain (73(74Ld < 1— (1— g3i?T)(l— 94Vt) < 
1, i.e., Ld < 1/(9394) < cs/gs by neglecting the last term 
and taking into account Lk < Vk- In the second case it 
follows from Et = 0, i.e, Ei = for alH = 1, 2, . . . , n 
and Vt > I that Z^'^ < % = for all I. If there is 
one and only one nonzero Vk, say V > 1 and Vk — 
for fc 7^ 1, then Ld < L*"^^ / < cs/qs. If there are 
exactly two nonzero V^'s, say Vi > 1 and 1^2 > 1, we 
have qsLd + VVi < 1 i.e., Z<j < l/(j3 < 03/53. 
If there are more than three nonzero 14 's, say Vfe > 1 for 
fc = _1, 2, . . . , if > 3 then J^^^,^, VkVk' > Efc ^414+1 > 
14 in which we have identified K + 1 with 1. As a 
result Ld < 0. In the third case it follows from Vp = 0, 
i.e, Vk = for all fc = 1,2,...,™ and Et > 1, that 
^3 < 14 = for all k. Furthermore if there is one 



and only one nonzero Ei, say -Ei > 1, then 



< 



except I = 1 so that Ld < L\ ' jq^ < A/q^ < c^/qz- If 
there are two and only two nonzero -Ej's, say -Ei > 1 
a,nd E2 > 1, then q^Ld < £'1 + £'2 - E1E2 ^ 1, i.e., 
Ld < 1/94 < cs/qs. If there are three or more Ei > 1 for 
I e K then it holds J2ieK — Tli^i' <^k -^i-^i' ^^^^ 
Ld < 0. Finally ii Et = Vt = then Ld < 0. Thus in 
all cases we have Ld < c^/qz- In any NCHV model it 
therefore holds {Ld)c < cs/q^. However in QM we have 
identity Ld = Id from which it follows that in any qudit 
state {Ld)q = 1 > €3/(73. 

If two integers toq , rto is a decomposition oi d — Stoq + 
AriQ then m = mo + 4/ and n = no — 3Z is also a decom- 
position of d = 3m + 4n for arbitrary / and in this case a 
number of 13mo + 18no — 21 rays is required. If we choose 
I optimally, i.e., m — 4[(i/3j — d and n = d — 3[d/3\ 
where [xj denotes the largest integer that is no greater 
than X, then a number r2 = 5d — 2[(i/3j of rays is in- 
volved. Our results are summarized in Table 1 in which 
the smallest numbers of rays used in known KS proofs 
in various dimensions are presented for comparison. For 



the NCHV models with KS value assignment the inequal- 
ity Eq. ([5]) can be simplified to an inequality that involves 
2{d— [d/3\) projections explicitly. 

Our improved KS inequalities derived above, despite of 
the fact that the properties of discrete nature of binary 
observables (taking value 0,1) have been used, still hold 
true for variables taking values between and 1 continu- 
ously. In fact all the inequalities considered above involve 
non-definite quadratic forms of binary variables, which 
arise from the adjacency matrices of graphs. Therefore 
the extremal values must be attained on the boundaries 
which is exactly what have been considered above. 

To summarize, we have derived state-independent KS 
inequalities in d > 4 dimensions that involve the corre- 
lations of at most two compatible observables. And thus 
NCHV models with only a minimal requirement, in which 
three or more pairwise compatible observables may even 
not be simultaneously measurable, cannot reproduce the 
quantum mechanical predictions on the correlations of 
two compatible observables, which can be called suitably 
as a minimal KS theorem. Moreover our improved KS 
inequalities involve a smaller number of rays than all the 
KS proofs previously known and therefore are more ac- 
cessible to experimental tests. 
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Appendix — We shall prove in what follows that up to 
a global unitary transformation the orthogonality graph 
in Fig.l uniquely determines the 18-ray set. The orthog- 
onality conditions read: two rays labeled with two edges 
with a common vertex should he orthogonal. Without loss 
of generality we can assume 



it follows immediately 



^;i2 = (1,0,0,0) I ^ 
(0,1,0,0) / 
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(0,0,1,0) 
(0,0,0 



t;28 = (0,0,6, 1) 
"] } 1^67 = (1, a, 0,0) 



(A.l) 



with a, 6 > because i) any quadruplet of rays sharing 
a single vertex, e.g., vertex 1, should form a basis; ii) 
f28 should be orthogonal to both vi2 and uis; iii) com- 
plex numbers a and h can be chosen to be positive by 
multiplying a suitable phase fact to uis and vn respec- 
tively. Taking into account of quadruplets of rays having 
common vertices 2,8,7, and 6 we have 
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As one result we obtain, keeping in mind that a, h are 
real, ah ~ —s/u'j = —ut/s and thus ah = 1. From the 
orthogonality of two quadruplets of rays sharing the ver- 
tex 4 and 5 



V2g = (0,U2,1,6) 

= (5, 0, &, 1) 
vz9 = (l,a, 0,i) 
■^69 = (a, 1,W6,0) 



-y34 = (l,a,s, 0) 
W45 = (0,/i, &, 1) 
W47 = (a, 1,0, u^) 
W48 = ("8,0, 1,&) 
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together with 



-M2, g — t, and us 
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(A.7) 



Consequently we obtain a/h = t/u2 = "2/^ so that a/b = 
1 and thus a = h = \. As a result h = s ~ —t and Uk 
are all real with Uk = — ujj and U2 = U'/ = uq = = t 
and therefore t'^ = 2. A rotation, (1,0) H' (l,l)/-\/2 and 
(0, 1) H' (l,l)/-\/2 in the subspace spanned by vie and 
Vn recovers Cabello's 18-ray set Eq.(IT]) exactly. 



V29 
V23 

V4S 
V58 
V37 
V47 
V56 
V69 



(0,U2,1,6) I 
iO,u'2,l,b) i 

(m8,0,1,6) I 
("8,0,1,6) i 
(a, 1,0, U7) I 
(a,l,0,u'7) J 
(a, 1,M6,0) \ 



W39 


= (5,0,6,1) 


W45 


= (0,/i,6,l) 


V34 


= (l,a,s,0) 


V59 


= (l,a,0,i) 



(A.2) 



(a, 1,U6,0) 

for some nonzero complex numbers g,h,s,t and u^^u'^, 
satisfying —u'f.ul = 1 + a^ for fc = 6, 7 and —u'f^ul — 1-f 6^ 
for k = 2,8. Furthermore we can choose t to be real and 
t > by multiplying the same suitable phase factor to 
V12 and t;i8 . From the orthogonality of two quadruplets 
of rays sharing the vertex 3 and 9 



1^23 = (0, "2: 1,^) -^45 = (0, /i, 6, 1) 
W34 = (l,a, s,0) = (a, 1,U6,0) 

U37 = (a, 1,0,7/7) i;58 = ("8,0, 1,6) 

i'39 = (5, 0, 6, 1) z;59 = (l,a, 0,t) 



(A.3) 



